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We apply the supersymmetric Darboux transformation to the optical Helmoltz wave equation to
generate analytically complex-valued PT-symmetric potentials (physically a graded refractive index
dielectric). PT-symmetry is then spontaneously broken controlling the amplitude of the imaginary
part of the refractive index distribution. Consequently a resonance is detectable which is related to
a singularity of the S matrix, responsible for extraordinary high transmission and reflection peaks
in the scattering spectra. We demonstrate how controlling the resonance we can achieve different
amplification rates up to four order of magnitude at the exact singular point. Total transmission
and very high reflection can be also obtained. All the visible portion of the spectrum can be spanned
by enlarging the spatial width of the potential. All these potentials can be unified in a single device
with the capability to dynamically control the imaginary part of the refractive index, thus defining
a tunable dynamical optical filter behaving as a perfect amplifier, a transparent barrier or a high
efficiency mirror.
PACS numbers: 42.81.Qb, 11.30.Er, 42.25.Bs
I. INTRODUCTION
The design of metamaterials with exotic optical prop-
erties has attracted major attention in the last decades
due to the possibility of experimental realizations offered
by recent technological advances [1, 2]. A particularly in-
teresting class of these materials is characterized by PT-
symmetry i.e. the complex optical potential has to satisfy
the necessary relation V (r) = V ∗(−r) [3]. As a conse-
quence, it is necessary for the imaginary part of the po-
tential to be odd while the real part should be even under
spatial reflection. It is well-known that Hamiltonians as-
sociated with these potentials are non-Hermitian however
possessing a real spectrum because the net gain/loss dis-
tribution is zero [3, 4]. In addition, PT-symmetric poten-
tials give rise to phase transitions associated with sponta-
neous PT-symmetry breaking at exceptional points [5, 6],
after which the spectrum of the eigenvalues becomes
complex [4, 7, 8]. The eigenvalues split into complex
conjugate pairs with the associated fundamental eigen-
functions been located around the maximum and mini-
mum of the imaginary part of the optical potential re-
lated to loss and gain [4]. This behavior is typical of
open systems [9] and its realization in optics is associated
with many extraordinary effects [10–17]. Hence, classical
optical systems with broken PT-symmetry provide the
unique possibility of exploiting the special features nor-
mally associated to quantum open systems. In particu-
lar, a clear signature of resonant condition for the open
system is when discrete real eigenvalues become complex
[18]. Our study is directed towards the calculation of
transmission and reflection spectra in order to make use
of PT-symmetry to design optimal optical filters. In this
framework we take into account spatial distributions of
the refractive index possessing resonances that can be
∗ ugo.tricoli@onera.fr
calculated as bound states of a Schro¨dinger-like equation
describing transverse modes. Hence, contrary to waveg-
uide theory where thanks to the paraxial approximation
(thus limiting the validity of the predictions for propaga-
tion directions close to the optical axis) a direct analogy
is possible between optical modes and bound states of
the Schro¨dinger equation, here we consider scattering of
waves incident along the direction of index variation (i.e.
perpendicularly to the waveguide main axis, see Fig.(1)).
As a result, what we calculate through the Schro¨dinger
equation are transversal resonances of the system (and
should not be considered as optically bounded due to
the lack of internal total reflection). Interestingly, we
found that when PT-symmetry is broken another type of
resonance associated to a spectral singularity of the S-
matrix is responsible for anomalous transmission i.e. the
transmission coefficient becomes larger than one [19–21].
This is a manifestation of the fact that the system is open
towards the external environment i.e. external energy is
used to generate anomalous transmission/reflection. In-
deed, at the exact resonant condition (by changing the
amplitude of the imaginary part of the refractive index
distribution) the S-matrix has a singularity which is re-
sponsible for an amplification of both transmission and
reflection of orders of magnitude. Ultimately, the use of
a broken PT-symmetric complex potential makes possi-
ble to open resonant singularities that are not obtainable
with common complex potentials with only losses. More-
over, these singularities should be distinguished from an-
other type of singularities corresponding to bound states
in continuum [8, 22–26], obtainable when the waveguide
is illuminated along its main axis (making possible light
trapping).
Interestingly, it was proposed to use supersymmetric
transformations [27] to generate PT-symmetric poten-
tials, however in the context of quantum mechanics mak-
ing hard their experimental realization [28–30]. On the
other hand in optics in the context of optical waveguides,
it has been recently realized that supersymmetry (SUSY)
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2can be used in order to restore PT-symmetry or to pro-
duce classes of optically equivalent potentials (in terms of
reflection and transmission) with extremely different spa-
tial distribution of optical properties [4, 10, 31]. SUSY
has also been used to generate discrete real optical poten-
tials which are reflectionless [32] or PT-symmetric fiber
optical lattices [8, 24, 25]. However, the spectral prop-
erties in terms of transmission/reflection spectra for per-
pendicular incidence on the waveguide has been inves-
tigated only with the focus on the invisibility condition
[11]. Consequently, we show how a spectral singularity
can be obtained via spontaneous PT-symmetry breaking
of an original PT-symmetric potential generated after a
single Darboux transformation of a constant potential,
resulting in a simple spatial distribution of the refrac-
tive index which is possible to create in optical experi-
ments e.g. with waveguides. As a result the final bro-
ken PT-symmetric potential can be used as an optical
filter alternatively to the main use as a waveguide (i.e.
for perpendicular incidence the waveguide becomes a fil-
ter). To summarize, the Darboux transformation [28, 33]
(which constitutes the basis for supersymmetric transfor-
mations) is employed in order to generate analytical ex-
pressions of PT-symmetric potentials which are then per-
turbed in order to break the PT-symmetry to study the
effect of phase transition on the spectral reflection and
transmission of the resulting optical filters. In particu-
lar, we observe that keeping the real part of the refractive
index distribution fixed (even), changing the contrast be-
tween gain and loss regions of the imaginary part of the
refractive index, the same material can act as a high effi-
ciency amplifier, reflector or a perfect transmitter in the
UV and visible part of the electromagnetic spectrum.
II. SCATTERING THEORY AND THE
DARBOUX TRANSFORMATION
We consider scattering of a monochromatic electro-
magnetic wave by an inhomogeneous dielectric slab of
finite thickness along z but infinite extension in the xy-
plane with a varying refractive index in the z direction
n(z). The slab is surrounded by a non-absorbing back-
ground medium with refractive index nb. Taking into
account only a scalar electric field (i.e. the component
Ex corresponding to a TE-polarized wave) with the time
dependence factorized as exp(−iωt), the curl Maxwell
equations can be rewritten as the Helmholtz wave equa-
tion
∂2Ex
∂z2
+
∂2Ex
∂y2
+ [k0n(z)]
2Ex = 0, (1)
with k0 = ω/c the wavenumber in vacuum and n(z) =
nb + ∆n(z) the spatial dependent refractive index, with
the last term being the optical contrast which is com-
plex valued and vanishes at infinity. For a general an-
gle of incidence the solution to Eq.(1) can be factor-
ized through an amplitude and a phase as Ex(y, z) =
ψ(z) exp(ikyy), with the incoming wavevectors related
by k2y = [k0nb]
2 − k2z . Substituting into Eq.(1) and upon
addition/subtraction of the term [k0nb]
2ψ(z) we get the
equation for the amplitude ψ(z)
[− d
2
dz2
+ V (z)]ψ(z) = eψ(z), (2)
which is in a Schro¨dinger-like form Hψ = eψ upon defi-
nition of the optical potential as V (z) = −k20[n(z)2−n2b ],
the Hamiltonian H = −d2ψ(z)/dz2 + V (z) and the en-
ergy e = k2z = [k0nb]
2 − k2y, i.e. the square of the com-
ponent of the wavevector of the incoming wave along the
direction of variation of the refractive index. Due to the
reduction of the optical Helmholtz wave equation to a
Schro¨dinger-like equation, it is possible to apply in op-
tics techniques originally developed in quantum mechan-
ics (e.g. SUSY [27, 28]). Indeed, SUSY transformations
are based on the Darboux transform [28, 33] which allows
building solvable profiles of the refractive index [34]. In
general, the main idea of a Darboux transform is that the
spectral properties of a pair of Schro¨dinger Hamiltonians
can be related through a superpotential σ defined as the
logarithmic derivative of the solution of the Schro¨dinger
equation ψ(z) for a potential V (z) for some value of the
transformation energy  i.e. σ(z) = 1ψ(z)
dψ(z)
dz ( can be
complex-valued however here we restrict to real values).
The partner potential of V (z) is found through the opti-
cal Darboux transform
V ′(z) = −V (z) + 2σ(z)2 + 2. (3)
An important remark is necessary concerning the nature
of the general solution ψ(z). Its analytical form must
be chosen in order to avoid zeros on the real axis, thus
avoiding singular superpotentials. As it was noted in
[28] this can be in general obtained (as a rule of thumb
in optics) taking  < e0, with e0 the lowest energy of the
spectrum of H. In the quantum mechanical context this
corresponds to create in the partner Hamiltonian H ′ a
bound state with energy lower than all the bound states
present in H. Consequently, the main effect of a Dar-
boux transform is to create a partner Hamiltonian which
has the same spectral properties as the original one ex-
cept for the ground state which is added to the trans-
formed Hamiltonian at the chosen energy  [28]. Hence,
a remarkable property of the Darboux transform is that
it is possible to create a complex potential with bound
states (that in the scattering configuration we consider
here i.e. normal incidence, correspond to resonances of
the refractive index distribution). Moreover, the gener-
ated potential is not necessarily PT-symmetric. In this
case without symmetry, the eigenenergies are allowed to
be complex valued. On the contrary, when PT-symmetry
is preserved, the potential real/imaginary part contrast is
sufficiently small thus preserving a real spectrum. In this
work we use the Darboux transform in order to generate
a PT-symmetric optical potential with a single transver-
sal resonance with real energy.
3We apply the Darboux transform to a constant initial
potential that is fixed to V = 0. We also choose  = −0.5
in units of (ksnb)
2 in order to create a potential with a
bound state in the sense of the Schro¨dinger equation (for
the corresponding refractive index distributions shown
in Fig.(1) we took ksnb = 1/10nm
−1 with ks the scal-
ing factor). Only combinations of hyperbolic functions
(with coefficients C1 and C2) are used in order to avoid
singularities in the superpotential. The last is a practi-
cal choice since the Schro¨dinger equation with a constant
potential admits also oscillating trigonometric solutions
though hardly exploitable through a Darboux transform
due to the presence of zeros on the real axis. All in all, a
single Darboux transform can be implemented by tuning
three independent parameters namely, , C1 and C2 (V is
related to ). Given the constraints described above, the
most general solution of the Schro¨dinger-like equation (2)
with a constant potential and e =  can be written as
ψ(z) = C1 exp(−
√
V − z) + C2 exp(
√
V − z). (4)
We note here that reflectionless potentials as introduced
in [35] can be simply obtained by setting C1 = C2 = 1
which then results into a transformed potential V ′(z) ∝
sech2(
√
V − z). However, our general aim here is to gen-
erate complex valued potentials with gain/loss regions.
In order to achieve this, it is necessary to choose at least
one complex coefficient e.g. C1 = 1 and C2 = i. Another
strategy could be to choose a complex transformation en-
ergy  (which is not considered here). Having fixed the
general solution, the next step of a Darboux transform is
the calculation of the superpotential that reads
σ(z) =
√
V − − [√V − + i√V −  exp(z/√V − )]−1.
(5)
Inserting it into Eq.(3) we get the transformed potential
V ′(z) =
8||
1 + cosh(4
√||z) [i sinh(2√||z)− 1]. (6)
Interestingly, after a single Darboux transform with at
least one purely imaginary coefficient we obtain a PT-
symmetric potential which has an entirely real spectrum
(i.e. real energy optical resonances). The associated re-
fractive index distribution can be found through the op-
tical potential definition i.e. n(z) =
√
n2b − V ′(z), where
from Eq.(6) the transformed potential V ′(z) is given in
units of (ksnb)
2 and nb = 1 for the rest of the study. In
order to break in a controlled manner the PT-symmetry
of the potential, we introduce an auxiliary parameter δ
which is used to modify the gain/loss part of the refrac-
tive index distribution i.e. n(z, δ) = Re[n(z)]+iδIm[n(z)].
The unperturbed potential V ′ as defined in Eq.(6) has a
single real optical resonance (the associated refractive in-
dex distribution for δ = 1 is shown in Fig.(1)). This
potential can be realized in experiments by making a
focused beam to impinge perpendicularly to an optical
waveguide divided in two halves, one half being a gain
region and the other a loss region [36]. Gain can be
controlled through an optical amplifier while loss can be
adjusted through acoustic modulators [6].
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FIG. 1. The refractive index distribution n(z) generated after
a single Darboux transform of the initial potential V (z) = 0.
(a) Scattering geometry and a physical realization of the po-
tential V ′(z) through a graded refractive index waveguide
with gain (red contour part) and loss (blue contour part) re-
gions. The gray area represents Re[n(z)]. (b) The refractive
index distribution n(z) for different values of the perturba-
tion parameter δ; the color code is the same as in Fig.(2) for
Im[n(z)] while the dashed gray line represents Re[n(z)].
III. RESULTS: TRANSMISSION AND
REFLECTION SPECTRA
Using a standard numerical implementation of the
optical transfer matrix method [37–39] we calculate in
Fig.(2) the transmission spectra associated to the re-
fractive index distribution n(z, δ) (for perpendicular in-
cidence on the left side only). As noted in [40], a 1D PT-
symmetric potential can be viewed from the two sides
differently, one side being a gain side while the other
one a loss side and consequently a generalized energy
conservation relation was therein derived. Moreover, the
presence of a resonance (corresponding to a real bound
state of the Schro¨dinger equation) can be detected as a
unitary transmission peak at the corresponding eigenen-
ergy [41]. In accordance, in Fig(2) the PT-symmetric
4potential with δ = 1 exhibits the maximal transmis-
sion (the peak expected in the energy space becomes
very wide in direct λ space) at the expected location
λ = 2pi/ks
√
1/|e| ≈ 89nm (for e = −0.5 in units of
k2s). Then, for longer wavelengths transmission falls off
to values lower than one. In the same spectral region (see
Fig.(3)), reflection is increased but the net energy balance
(on the left side only) is positive indicating a gain effect
(correspondingly the absorption coefficient becomes neg-
ative). This is an evidence of the opening of the system
toward the external environment (as it is known for quan-
tum open systems [9, 18, 42]). The dielectric system is
using external energy in order to preserve the resonance
at the prescribed energy. Then, for longer wavelengths
the potential is becoming progressively transparent due
to its limited spatial extension (see Fig.(3)). We then ex-
plore how the transmission spectra can be altered by per-
turbing through δ the PT-symmetric potential V ′ created
after a Darboux transform. Interestingly, at δ = 1.24 i.e.
just before the PT symmetry breaking point, the sys-
tem has two resonances at approximately the same real
energy thus preserving the PT symmetry. Spontaneous
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FIG. 2. Transmission spectra (for incident radiation on the
left side only and perpendicular incidence) of the refractive
index distributions shown in Fig.(1) for different values of δ.
The appearance of a resonance corresponding to a spectral
singularity of the S-matrix is found at δ = 3.3.
PT-symmetry breaking is reached at δ = 1.245 (for the
chosen Darboux transform energy  = −0.5). Above this
exceptional point the spectrum of the resonances of the
potential abruptly becomes complex. As noted before,
the transversal resonance splits into a complex conjugate
pair of resonant states peaked around the maximum and
minimum of the imaginary part of the potential [4]. Re-
markably, as soon as PT-symmetry is broken transmis-
sion becomes anomalous (see the cases with δ = 1.5 and
δ = 2.7 in Fig.(2)). Increasing further the amplitude of
the imaginary part of the potential, at δ = 3.3 we find
an anomalous increase of four order of magnitude of the
transmission coefficient. Moreover, the potential is be-
having as an optical amplifier for both transmitted and
reflected radiation in the far UV around the resonance
at λ = 131nm (see Fig.(3)). This behavior can be ex-
plained as the manifestation of a resonance connected
to a spectral singularity of the optical S-matrix. How-
ever, the spectral position of the corresponding trans-
mission/reflection resonant peaks is not corresponding to
the real part of an eigenvalue, but it can be estimated by
a study of singular points of the S matrix [18, 19] (see
the Appendix). Differently, the narrow peaks for very
short wavelengths which are amplified due to the com-
plex nature of the potential are linked to scattering in-
terferences of geometrical origin caused by the real part
of the potential acting as an optical cavity. Increasing
further more δ, the transmission is progressively reduced
and only longer wavelengths maintain an almost reflec-
tionless total transmission. In fact, far (in terms of δ)
from the spectral singular point, the resonant peak is
shifted to larger wavelengths and becomes so broad that
the amplifying effect is very limited. However, the bar-
rier is reflectionless and the transmission goes to unity in
all the visible above λ ≈ 300nm thus giving a transparent
potential. For very large δ > 10 the potential becomes
almost completely reflective with no transmission in the
visible spectrum. Consequently, the spectrum of a very
large purely real barrier is recovered i.e. transmission is
suppressed and reflection is high in all the visible. We
conclude by noting that the potential seen from the left
side can be used as a very efficient optical amplifier and
all the visible portion of the spectrum can be spanned by
expanding the spatial width of the potential (by changing
the scaling factor) thus changing the energy of the spec-
tral singular point and consequently the spectral position
of the resonance in the broken PT-symmetry regime (see
the Appendix).
Finally, all these results can be unified if we think of a
device as schematically depicted in Fig.(1) through which
the distribution of gain and loss can be controlled dynam-
ically. Having this, it is possible to produce a material
which acts as an optical barrier with a fixed real part
while, the imaginary part can be dynamically changed to
achieve different spectral functionalities. In this way the
same material could be used as an amplifier, a transpar-
ent filter or a high efficiency mirror in the UV and visible
portion of the spectrum.
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6Appendix A: Correspondence between bound states
and resonances
The Darboux transform has been used to generate po-
tentials for the Schro¨dinger equation. In particular, one
single Darboux transform is used to create a potential
which supports a single bound state in the sense of neg-
ative eigenvalue of the Schro¨dinger equation. In optics,
in the context of the Helmholtz equation, the potential
is related to the spatial variation of the refractive in-
dex i.e. V = −k20(n(z)2 − n2b). Importantly, a nega-
tive potential corresponds to a positive refractive index
variation or equivalently bound states of the Schro¨dinger
equation corresponds to optical resonances of the Hel-
moholtz wave equation. In the context of waveguides,
it has been possible to achieve a physical realization of
bound states in optics (in the sense of the Schro¨dinger
equation i.e. a wave at the eigenenergy is trapped in the
potential without any possibility to escape) by exploit-
ing interference and notably the total internal reflection
for some incident angles. This means that optically the
state (or the mode) is bounded only if the incident an-
gle is larger than the critical angle. Hence, only in the
limit of fields propagating close to the waveguide main
axis it is possible to speak about light being bounded.
Indeed, the proper description of optical bound states
passes through the paraxial approximation to the general
Helmholtz wave equation and is valid only close to the
optical axis. On the other hand, if light is sent perpendic-
ularly to a waveguide, transversal resonances are excited
and can be identified by transmission measurements i.e.
total transmission is expected at the exact location of the
resonances [41] (on the contrary, for illumination along
the waveguide main axis, transversal resonances turn to
be optical modes propagating along the waveguide). In
the case of broken PT-symmetric potentials the net ef-
fect of the potential (from one side only) on the field
can lead to gain effects that result in transmission larger
than one. Remarkably, a broken PT-symmetric potential
can open spectral singularities of the S-matrix that cause
large amplification of the incoming radiation. Hence, the
broken PT-symmetric waveguide illuminated perpendic-
ularly acts as an active cavity.
Appendix B: Transmission and Reflection spectra
In Fig.(4) we study the inverse of the module of the
transmission amplitude in order to find and locate the
spectral singular points of the optical S matrix. These
singular points corresponds to zeros of the denominator
of the transmission and reflection amplitudes which cause
in principle infinitely large transmission and reflection co-
efficients. For the definition of the transmission and re-
flection amplitudes (and coefficients) and of the transfer
matrix we refer to [39].
The refractive index distribution associated to the po-
tential V ′(z) seen from the left side can be used as a very
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FIG. 4. The inverse of the module of the transmission am-
plitude of various refractive index distributions obtained for
different δs. A zero is identified at λ = 131nm for δ = 3.3.
The incident radiation is on the left side only and with per-
pendicular incidence.
efficient optical amplifier and all the visible portion of
the spectrum can be spanned by expanding the spatial
width of the potential thus changing the spectral position
of the singularity linked to the resonance in the broken
PT-symmetry regime (see Fig.(5)).
In the main text we have considered mainly transmis-
sion spectra from the left side only to elucidate how PT-
symmetry breaking can be used to design exceptional
optical filters. In Fig.(6) we study how just changing the
imaginary part of the refractive index distribution we can
obtain filters with very different properties considering
also reflection from both left and right sides. In prac-
tice Fig.(6) explains details of Fig.(3) in the main text
considering the spectra for illumination on both sides.
Surprisingly, the potential is behaving as an optical am-
plifier for both transmitted and reflected radiation in the
UV around the resonance at λ ≈ 131nm for δ = 3.1.
The same is true at the singularity δ = 3.3 where we
note also that reflection from the right side is amplified
maximally. Further, increasing δ to 5 see Fig.(6c), the
complex barrier becomes completely transparent in the
visible portion of the spectrum. Differently from the pre-
vious cases, much of the radiation in the UV is absorbed.
However, the barrier is reflectionless and the transmis-
sion goes to unity in all the visible above λ ≈ 300nm
thus giving a transparent potential. For extremely large
δ = 20 (see Fig.(6d)), the spectrum of a very large purely
real barrier is recovered i.e. transmission is suppressed
and almost unit reflection is recovered for all the visible.
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FIG. 5. (a) The refractive index distribution n(z) obtained with δ = 3.1 and enlarged along the direction z through the scaling
factor ks = 1/10, 1/20, 1/30nm
−1. (b) The left transmission, reflection and absorption spectra (for perpendicular incidence)
corresponding to an amplifier from the UV to VIS obtained for the potentials shown in (a).
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FIG. 6. The left (L) and right (R) transmission, reflection and absorption spectra (for perpendicular incidence) associated to
the refractive index distribution n(z) generated after a single Darboux transform of V = 0 and its perturbations causing a
PT-symmetry breaking through different δs. (a) An amplifier in the UV obtained with δ = 3.1 associated with a resonance for
δ close to a spectral singularity. (b) A perfect amplifier in the UV obtained with δ = 3.3 associated with a resonance for δ at
a spectral singularity. (c) A transparent barrier in the visible obtained with δ = 5. (d) A mirror in the visible obtained with
δ = 20. The red line corresponds to the total energy which is conserved ET = RLRR + 2T − T 2 [40].
